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ABSTRACT 
This thesis, deals wirh a simulation of 3 mhsile vests target engagement 
scenario. After derivins simplified uansfer functions for the missile seeker 
head, missile autcqilot, missile dynamics, and target dynamics, a three 
dimensio:d simulation is developed using classical proportional cavigation. The 
scenario is simulated using state variable design. A forward time solution of the 
two dimensional problem is developed which is converted to an adjoint model. 
The adjoint model is used to determine the optiral time to kitiatc simpWicd and 
tactical evasion mancuvm in order to maximize the final miss distance. 
a 
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- IAvail, addlor. 
THESIS DISCLAIMER 
The reader is cautioned that computer programs developed in this 
research may not have been exercised for all cases of interest. While every 
effort has been made, within the time available, to ensure that the programs are 
free of computational and logical errors, they cannot be considered validated. 
Any applicaticm of these programs without additional verification is at the risk of 
the user. . 
iv 
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I. INTRODUCTION 
Since the early years of the Vietnam War the surface-to-air missik has 
become the largest threat to combat aviators. During the emergent age of low 
intensity conflicts, a goal of zero percent aircraf: losses must remain a high 
priority to strike planners and Oecision makers. In order to minimize losses to 
enemy antiair weapon systems, in particular surface-to-air missiles, these 
systems must be generally understocd and tactics necessary to defeat these 
missiles must be investigated. 
Aimaft combat survivability is defined as "the capability of an aircraft to 
avoid and/or withstand a &-made hostile environment." pef. 11 Figure 1 
displays the basic aircraft survivability relationships. The probability of an 
aircraft being hit by antiair weapons is termed PH which is referred to as the 
susceptibility of the aircraft. Susceptibility is calculated by the product 
PH = PA 1 PDm .Prr;~ 
where 
F A  = probability the threat is active and ready to 
prXr = probability tkc aircraft is detected, idefitifed, an 
9r;~ = probability the threat is launched, guided and e 
aimaft or debnates close enough to caw a hi 
The vulnerability of an aimaft is define5 as the inability to w 
aircraft. 
darnage taused by a hostile en*nmcnt. It can be ~ ~ i ~ u n d  by P 
the prohability of an aircraft kill given it is hit by hostile fire. Thia 
relationship ' 
probability of kill = suscc~bility.vulncrability, 








Figure 1. Aircraft Survivability 'Diagram 
OT in other words, 
h C B h I o P K / H *  (1.3) 
Ps=l-Pg. [Ref. 11 (1.4) 
It is obvious then that the probability of survival is 
'iXcre€~vre. in ordtr to incrcase the survivability of an aircraft, the probability 
of kill must be reduced. One way that this can be achieved is by decreasing 
RGD. The probability that a missile is successfully guided and ither hits an 
aircraft or detonates close encugh to hit it, can be reduced by degrading the 
2 
guidance and control system 'of the missile. Tine employment Q high 
acceleration tums b d  random maneuvers are eximples of methods that c2n be 
ustd 
This research develops a missildtarget simulation progrm using 
classical proportional mvigation. A three dimensional model is produced 
bswming a dual gimbal axis seeker head. Chapter Il intrwiuces the jdsa of 
proportional navigation and the actual guidance law is dcvelqcd. In Chaptcr 
III the transfer functions for the individual missile subsystem are determined. 
Tbe spuScs  of the comp9tzr sirnulation geometry arc discussed leading to the 
actual relationships used in the progm. Additional!y, a twu dimensional 
fonwd time mdel  is developed+ which is converted to an adjoint model. The 
adjcht model is a usefd took for arkalyzing time varying systems. It is used in 
thk thcs~ t6 determine o w  miss distance parameters. Chapter Tv consists 
of actual simulation msulu. Two typical scc;.,:&os are conducted to show the 
capabilities of ths p r o p .  agains: various =get maneuvers. The adjoint 
d e l  is thes used to dctmnine an optimal time to initiate various 'evasion 
mauewers. Comlusions and ncommendations follow in Chapter V. 
All computer simulations are developed and conducted using the Matrix 
Laboratory (MATLAB) and the ttrrce: dimensional plots arc generated using 
the'Display Integrattd Software S y s m  and Plotting higuage (DISSPLA). 
~- 
11. BASIC PROPORTIONAL NAVIGATION 
A. GENERAL 
Proportional navigation is the basic guidance law used in the majority of the 
threat missiles in operational use today. This method of guidance generates 
missile acceleration commands proportional to the line of sight (LOS) rate- 
Figure 2 shows the basic parameters a d  geometry associated with the two 
dimeesional 'missile/target engagement problem and the parameters are defined 
' 
= +&get velocity. 
= missile velocity. 
= target r'ight path angle. 
= missile flight path angle. 
= missile to target range. 
= targct range. 
= missile range. 
= line of sight angle. 
= target line of sight angle. 
= missile line of dght angle. 
B. CONSTANT BEARING CQURSE 
A constant bearing course is one wherc the line of sight between the 
target and the missile maintains a constant orientation in space. As a result, 
progressive lines of sight remain parallel to each other as the engagement 
procedes. Similarly, the line of sight angle, a, remains constant. Figure 3 
4 
- _ _  
Figure 2. Missilemarget Geometry 
depicts the constant bearing come idea. As long as them is a positive closing 
velocity between the missile and the target, the constant bearing course 
concept will ensure an intercept. Proportional navigation uses the constant 
bearing course idea by driving the line of sight rate, &, to zero. [Ref. 21 
Figure 3. Constant Bearing Course 
L. PROPORTIONAL NAVI[CATION SCHEME 
Figure 4 depicts the basic proportional navigation scheme. Assuming that 
the seeker head of the missile follows the-target. the transverse acceleration 
perpendicular to the linl, of sight will equal the acceleration of the R vector in 
that direction. Mathematically, the acceltiation of R is 
(2.1) A, = (fi + x o x R)& + (20 x R x R+& x RFe 
where 
, R  = missile/target line of sight vector. 
6 

along R (0) a missile/target impact is assured. 
acceleration command is 
So, the &ansverse 
A,-A, = ~ x R + ~ ( c o x R ) .  (2.2) 
Assuming the line of sighe late is equal to the angular rate of change of R in 
inertial space, equation (2.2) now becomes 
A,-A, =R6+2&. (2.3) 
gyro, the seeker will not 
gym angle will follow the 
gyro stabilized seeker 
D. PROPORTIONAL NAVIGATION GUIDANCE LAW 
In the classical propcxtional navigation scheme, the missile course is one in 
which the rate of change of the missile heading is directly proportional to the 
rate of rotation of the line of sight vector from the rn&ile to the target. As a 
result, this course change is intended to counteract the rotation of the line of 
sight, thus returning to a constant bearing course. The movement of the missile 
and target cause the line of sight to route resulting in a differential displacement 
between the missile and the targe. perpendicular to the range line. Figure 5 
depicts this geometry. [Ref. 31 The proportional navigation guidance law 
rotate. Assuming the seeker tracks the target, the 
line of sight. Applying the equation of motion for a 




Figure 5. Missile, Acceleration Orientation 
I - moment of incrtis of the gyroscope. 
n =  rate of precession of the gyroscope. 
Applying this to the case when the seeker head tracks the target, SJ is then 
replaced by the rate at which the gyro is torqued in space. Tnis is simply 6 
which is the line of sight rate. [Ref. 41 Thus, equation (2.4) becomes 
L = IclNj. (2-5) 
This torque is in tum applied to the control surface of the missile leading to 
the relationship 
A m  =lL= kI& (26) 
in terms of the rare of change of the missile flight path angle, 
where k is a constant of proportionality. Referring to Egure 6, a relationship is 
& ~ m d  for 
y-. Given the missile velocity v t c t c ~  at s o m ~  point in time, Vm(t), and suppo~e 
the missile undergoes an acceleration, Am, during an interval of time, dt. '"be- 
velocity vator is then displaced and is represented by the vector V,(t+dt). 
Tbe angle the vector is mvcrsod is Simply e m ,  the differcntiai missile flight 
I 
Yigurc 6. Missile Acceleration Relationship 
path angle. [Ref. 4) For small angles (which are guaranteed by making dt 




Dividing qcation (2.7) by the time interval, dt, the missile acceleration is 
definedm 
, 




\ I  
\ 
- .  
. ,  . 
. .  
or 
Ym = N&. (2.1 1) 
Equation (2.1 1) represents the classical proportional navigation quation where 
Ym - rate of change of the missile heading. 
& =  rate of change of the line of sight. 
N =  proportional navigation ratio. 
The navigation d o  determines the sensitivity of the missile system. A high 
navigation ratio will lead to rather high gains resulting in large missile 
commands for small changes in the line of sight rate. On the other hand, small 
values for N will lead to small missile commands for a given 6. Larger 
navigation ratios are preferred for head on engagements and smaller ones are 
preferred for tail chasc cases. For this research the navigation ratio between 
thrce and five was chosen [Ref. 4). 
. 
i i  . ,  
III. SIMULATION DE,VELOPMENT 
A. INTRODUCTION 
The development of the actual seeker head and autopilot transfer functions 
is discussed. Ideal missile and target trajectory equations are used and the 
state equations for these systems are generated. Basic gmmtric relationships 
arc used $0 develop the missile and target proportional navigaticn equations. 
Once these equations are determined for the two dimensional problem, the state 
equations are then augmented to a three dimensional problem The continuous 
state equations for the seeker head, autopilot, missile kinematics, and target 
kinematics are converted to equations appropriate for digital simulation. 
Finally, the two dimcnsionai forward time model is developed and convcrted to 
an adjoint model. 
B. MISSILE SUBSYSTEM DEVELOPMENT 
, 1. Subsydem Layout 
A basic functional block &gram of a generic tactical missile sysrem is 
shown in figure 7. Although the exact conftguntion and &scription of each 
component depends on many different factors, an attempt will be made to 
develop a basic system sufficient for simplified simulation. Figure 8 shows the 
typical physical location of the various missile subsystem. 
2. Seeker Head Development 
The seeker head can simply be thought of as the eye of the missile. It 
is able to detect, acquire, and track a target by sensing some unique 
12 
guidana - autopilot 
IPW 
tiiw - seekaf- 
I 
~ 
Figure 7. Missile Subsystem Block Diagram 
characteristic of the target itself. This usually consists of the radiation or 
reflection of energy by the mget. 
A seeker with a narrow field of view wi l l  be used. Figure 9 shows a 
basic gimballed seeker head configuration. Herc, the actual seeker is mounted 
on a gimballed platfonn and it maintains the target within the field of view by 
iotating the platform. The inertial rotation rate of the line of sight provides the 
missile w i ~  the required tracking information. mef. 51 
Figure 10 displays a diagram for an actual seeker head where 
$ =  seeker head gimbal angle. 
Tbe control urque to the seeker results in the following equation of motion 
T=IB (3.1) 
where 
T =  applied torque. 
I =  moment of incrtia 
f i =  angular acceleration. 
13 
I 
Figure 8. , Basic Missile Layoirt 
, (3.2) 






Figure 9. Gimballed Seeker Configuration 
Now taking the Laplace Transform of equation (3.3) and assuming 
zero initial conditions 
C { ~ ) = C { - k ~ - k l J 3 + k l G }  (3.4) 
1s , 

Figure 11 depicts the signal flow graph of the seeker head system. 
Erom this diagram tf;e continuous time state equation of the form 
X& = Ax& +Bush (3-10) 
is easily detcrmkeb. Selecting the state vector to be 
(3.1 1) 
and the input ush = u, quation (3.10) becomes 
x.=[ -100 O -20 ] X & + [ 3 & .  (3.12) 
100 1 /s P 
Figure 11. Seeker Head Signal Flow Graph 
3. Guidance and Autopilot Development I 
"he guidance law within the missile system determines the best 
trajectory for the missile based on the missile position, target position, missile 
capability and the desired objectives. A command is Sent to the autopilot which 
determur es the control (i.e., actuator position and rimst) necessary to perform 
such a command. In the proportional navigation guidance law, the missile 
commando are generated in order to change the missile flight path rate 
poportionally to the missile to target line of sight rate. 
In this simulation a very simpliiied autopilot will be used. Referring to 
Figure 12, the transfer function is easily developed. The angle of attack of the 
missile is assumed to be zero, so the vclocig sf the missile will be aligned with 
the missile center line at an angle, ym. Applying a torque to the missile about 
the center of gravity rcsults in tt following equation of motion 
Tcom = 'cg7 
where 
Tcom = commvldedtorque. 
(3.13) 
Icg = moment of inertia abut  the 
7 = angular acceleration of the 
center of gravity. 
missile flight path. 
Center of I 
Pressure 
Figure 12. Basic Missile Layout 
18 
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I 
Solving for 7, 
(3.14) y = -r"" T = -kjm +IrNg 
cg 
w h m  k is determined by the slowest time constant of the missile/autopilot. 
Now taking the Laplace Transform of equation (3.14) and assuming 
' (s* + h)ym (s) = ~ N S ~ ( S )  
Finally, the transfer function becomes 
(3.17) 
(3.18) 
w h m  k is defined above. The autopilot time constant ,t,,was chosen to be 1.0 
second, so 
k=l/r ,=1.0.  (3.19) 
Figure 13 shows the signal flow graph for the missile autopilot system. 
From this diagram the continuous state equation is easily determined. Selecting 
the state vector to be 
XIp = [ X I 1  = [.-;vmI (34m 
and the input u e N &  the state quation becomes 
x, f [-l]xq+[l]uq. (331) 
1 
I - 1  
Figure 13. Guidance Autopilot Signal Flow Graph 
4. Missile and Target Dynamics 
The signal flow graphs for the target and missile dynamics are shown 
At is selected independently. The state in Figure 14 where A, =Vmfm. 
vectors are 
and 





Figure 14. Missile and Target Dynamics 
0 1 0 0  0 0  
0 0 0 0  
and 
0 1 0 0  
5.- overall System Layout 
Figure 15 shows the total system signal flow graph. "he seeker head 
angle rate, 6, is the estimate of the line of sight rate, d. 
6. Three Dimensional State Definitions 
Assuming that the missile is roll stabilized and controllable in both pitch 




N I  
Missile Dynamics I .I Auto Pilot I I I -  Seeker He ad 
. . 8 
\ 
The seeker head state matrix now becomes 
and the continuous state equation is obtained by simply augmenti7g the two 
dimnsional problem. 
 he resulting equation becomes 
0 1 0 0  
-100 -20 0 0 
c=[ 0 0 0  1 
0 0 -100 -20 
where uh=[ 1. 
=Y, 
The autopilot state matrix nbw becomes 
and the continuous state quation is again simply obtained from an 
augmentation of the two dimensional equation. ?Ae resulting equation for the 
mpilot is 
-l 01, + 1 0  
xg"0 -11 [o 11u.p 
2 3 '  
.. - -  
. .  
. - 
.. . . . 
0 0 0' 
1 0 0  
0 0 0  
0 0 0  
0 1 o u  
0 0 1- 
For the missile and target dynamics equations the state equations are 
simply augmented with vertical position and vertical velocity states. 
These equations are 
X =  
and the state variable dynamics become 
where u* 
U X  1 
0 1 0 0 0 0  
0 0 0 0 0 0  
0 0 0 1 0 0  
0 0 0 0 0 0  
0 0 0 0 0 1  
0 0 0 0 0 0  
;$ 





C. MISSILE AND TARGET GEOMETRY : . 
1. Velocity Relationships 
Figure 16 shows the vectorial relationship of the missile and target 








' I  V, Y 1 v, Y . 
,  
-- 
I I '  
Figure 16. Velocity Relationship ' 
2. Line of Sight AngleC 
In order to simulate the scenario in three dimensional space a litle of 
sight angle in pitch and yaw must be defined Figure 17 depicts these angular 
relationships. Given the target and missile position in Cartesian coordinates the 
line of sight angles are & f d  as 
\ 
25 
, , '  . ' 
I ’  
md Y 
Figure 17. Pitch and Yaw Line of Sight Angle Defimitions 
26 




Figure 18. Target and Missile Line of Sight Angle Definitions 
dimensions. Figure 19 depicts the geometric definitions. Mathematically, 
3. Flight Path Angles 
The missile aud target flight path angles are also defined in t h m  
' A  
Y 
- 





Y t - w  = tan-' [ vtl / vm 1. (3.43) 
4. Velocity and Acceleration in the Rtcb Plane 
The missile ist controlled in three dimensional space by generating 
acceleration commands in two orthogonal planes. These planes are defined as 
the pitch plane and the yaw plane. The yaw plane is taken as simply the 
horizontal XY p!ane and the pitch plane is the arthcgonal plane rotated by the 
angle o~, , ,  Figure 20 depicts the geometric definition of the pitch plane. Given 
. . . . . . . . . . . . . . .  . . . . . . . . . . . . . . .  . . . . . . . . . . .  *\In: . 
Figure 20. Pitch Plane Definition 
. 
. I  I 
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the missile velocity, and the angles 
plane is ' 
and YmJaw, the velocity in the pitch 
Vrn,ra = v m  cos( Ym-ylw -ayaw)* (3.44) 
Rom the basic relationship for the missileaacceleration the missile 
pitch acceleration is d e f d  as 
Am-- = VlnJi&h 'Ym-pitch* (3.45) 
This acceleration vector is then broken down into Cartesian coordinate system 
components. Assuming that the pitch acceleration vector is perpendicular to 
the vertical line of sight vector between the missile and target, Figure 21 shows 
the orientation of the acceleration components. From this figure the following 
relationshipsareobtained I 
1' ' a 
- -- 
Figure 21. Pitch Plsne Acceleration Components 
'29,  
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5. Velocity and acceleration in the Yaw Plane 
The missile yaw plane is depicted in Figure 22. Given the missile 
velocity and the angle ym-, the ~~Jocity in the yaw plane is simply 
Vm- = Vm .COSym - (3.49) 
Figure 22 Yaw Plane Definition 
Again, from the basic missile rcceleratioc? relationship, the missile yaw 
The missile yaw acceleration components arc depicted in Figure 23 and arc 
give3 mathematically 9s 
30 
Figure 23. Yaw Plane Accderation Components 
4 Total Missile Acceleration Components 
The input w the missile state equation is the vector consisting of the 
three Cartesian components of the overall missile acceleration vector. Given 
the missile acceleration components in both the pitch and yaw planes, the total 
7. Target Acceleration Components 
In this simuiation the target acceleration components consist of the 
three Cartesian components of the overall target acceleration vector. These 
components arc used as the input to the target Irir;ematic equations. The input 
31 
vector is determined by the type of target maneuver desired. The overall target 
acceleration is simply 
At = d-. (3.57) 
8. Closing Velocity and Time To Go 
From quadon (3.48) the velocity of the target in the pitch plane is 
simply 
Vt-, = vt cos( yt ,p  - dFW 1. (358) 
Now, the range rate, R, is found by simply projecting the missile and target 
pitch plane velocities along the vertical line of sight from the missile to the 
target. Mathematically 
R = vt-pirch .cos(Yt - pircb -Qpitch)-Vm-9th 'COS(ym-pich -o*). (359) 
Knowing that the range rate is the negative of the closing velocity, the time to 
go is simply 
(3.60) 
R =-, R T i - t o - g o  = 
vdoring -R 
whcre R is the range from the missile to the target. 
D. DIGITAL SIMULATION USING STATE SPACE METHOD 
1. Discrete State Equation Definition 
Given the continuous statc equations 
x(t) = Ax(t)+Bu(t), (3.61) 
y(t)sCx(t)+Du(t)T (3.62) 






The discrete state matrices are defined as 
Q, = eAsDT = I + A. DT+ (1 / 2!)A2 .DT2 + (1 / 3!)A3 .DT3 +. . ., 
r = [ I-DT+ (1 / 2!)A.DT2 +( 1 /3!)A2 -DT3+.. .]B, 
(3.65) 
(3.66) 
and for u(t) constant over [(k+l)-k].DT. I 
2. Missile Subsystem Discrete State Equations 
The missile/target scenario is simulated digitally using the MATLAB 
software package. A built in system function is used to convert the continuous , 
state equations to discrete time state equations. The discrete state equations 
used irr the simulation are defined as follows for the seeker head, autopilot, 
missile dynamics and target dynamics respectively; 
* X& (k + 1) = Q,&x& (k)+ rfiu& (k), (3.67) 
x,(k+l) =@+p(k)+rapUap(k), (3.68) 
xm ( k + l )  3 Q,mXm (k)+ rmum (k), (3.69) 
and 
(3.70) 
E, FORWARD TIME AND ADJOINT MODEL I 
To accurately and simply assess m i s s  distances for various target 
maneuvers, a two dimensional adjoint model is used. First, a forward time 
model is developed fot the two dimensional missildtarget engagement. Figure 
24 shows the block diagram of the forward time model. All system inputs arc 
converted to impulses for subsequent conversion to the adjoint model. 
The farward time mode is used to show the miss distance due to heading 
entor (where heading error is defined as the error in missile heading from a 
collision coursc) and the miss distance due to target maneuirer. "he missile to 
target range is defined as 
R = Vc time- to - go (3.71) 
where 
t ime-to-go=Tw-t.  , (3.72) 
This model shows the miss distance throughout the coursc of the engagement . 
The last value of miss distance is the miss distance at Tm. 
An adjoint model is used to analyze linear time varying systems [Ref. 61. 
The major advantage of the adjoint technique is that the miss distance for all 
final times is generated in one run rather than the multiple runs required when 
using a Monte Carlo simulation. Following the rules'for adjoint construction 
[Ref. 61, Figure 24 is converted to the adjoint model depicted ir, Figure 25. 
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IV. SIMULATION RESULTS 
A. OVERVIEW 
This section presents the results of the computer simulations. The scenario 
is conducted for s e v d  different initial conditions and with several different 





The missile is limited to 20 g's in either plane. 
The acceleration due to gravity is ignored. 
The target is capable of instantaneous acceleration. 




The maximum missile speed is 3000 feet per second. 
The maximum target speed is 1500 feet per second. 
7. 
8 
The proportional navigation constant is 4. 
The missile is pointed toward the target at launch. 
B. THREE DIMENSIONAL ENGAGEMENTS AGAINST 
VARIOUS TARGET MANEUVERS 
1. Scenario 1: A Constant Velocity Target 
The simulation is initially conducted with the missile engaging a 
constant velocity target. Figure 26 d e c t s  the scenario geometry. The initial 
b conditions arc 
xm(0) = Ofeet 
ym(0) = Ofeet 
mr(0) tofeet  





Figure 26. Constant Velocity Target Scenario Geometry 
VmY(0) = ow 
Vmz(0) =ow 
Xt(0) = ux)ofeet 
yt(8) = O f -  
zt(0) = rnfeet 
m(0) = ofp3 
Vty(0) =:mfps 
-0) = O @ .  
Figure 27 depicts the scenario that reflects tbcse initial conditions. 
In this case, the aircraft is attempting to stay on the outer edge of the missile 
envelope. 
Figure 27. Tactical Scenario for Constant Velocity Target 
2. Scenario 2: A Constant Acceleration Target 
Isl this scenario, the target is accelerates at a constant rate of 15 
feet/scc/sec in the y direction. Figure 28 shows the scenario gtometiy. The 
initial conditions ak% 
Z 
Figure 28. Constant Acceleration Target Scenario Geometry 
va(0) = orps 
Vty(0) =looo@ 
vtz(0) =ow. 
xddt(0) = Ofps2 
yddt(0) = 
Zddt(0) = of+ 
W(0) = -45'. 
Figure 29 depim the scenario that reflects these kitial conditions. In 
this case there is overlapping missile envelope coverage and the aircraft i s  
attempting to strike a tiqet located within this region. The missile is launched 
when the target enters the 5NM radius. 
. 
, .  I I -  
, ,  
Figure 29. Tactical Scenario for Constant Acceleration Target 
3. Scenario 3: A Two Dimeusional Target Acceleration 
F i p s  26 and 27 depict the initial conditions for this scenario. The 
target performs a 6.5 g level turn toward the missile at a ~ g e  of 12,000 feet. 
Tbe target acceleration is 
3, -6.5*32.2.Sin(yt - ylv) (4.1) 
F: = 6.5-32.2~~0~(7~-~,,,) (4.2) 
4 =o.o. (4.3) 
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Figure 30. Scenario 1: Missile to Target Range 
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Figure 31. Scenario 1: Missile Acceleration IA,I 
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Fig& 32. Sceruirio 1: Missile Pitch Flight Path Angle ym+ 
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. I  
I .  ............................................. 
............................................ . .  
2 4 6 8 10 ! '  
, Figure 33. Scenario 1: Missile Pitch Flight Path Angle Rate ymJkh 
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Figure 34. Scenario 1: Missile Yaw Flight Path Angle ym7 
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Figure 36. Scenario 1: Seeker Head Pitcn Angle'ppitcb 
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F3gure 38. Scenario 1: Seeker Head Yaw Angle ppsl 
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Figure 39. Scenario 1: Seeker Head Yaw Angle Rate bJsw 
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Figure 40 Scenario 1: Three Dimensional Plot 
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,Figure 42. Scenario 2: Target Velocity Vt 
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Figure 43. Scenario 2: Missile Acceleration lAml 
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Figure 44. Scenario 2: Missile Pitch Flight Path Angle y, pitch - 
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Figure 45. Scenario 2: Missile Pitch Flight Path Angle Rate ymgm 





Figure 46. Scenario 2: Missile Yaw Flight Path Angle ym - ,w 
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Figure 47. Scenario 2: Missile Yaw Flight Path Angle Rate ymJw 
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Figure 48. Scenario 2: Seeker Head Pitch Angle 
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Figure 49. Scenario 2: Seeker Head Pitch Angle Rate f i , , ~  
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Figure 50. Scenario 2: Seeker He 
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Figure 51. Scenario 2: Seeker Head Yaw Angle Rate 6, 
Figure 52. Scenario 2: Three Dimensional Plot 
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Figure 53. Scenario 3: Missile to Target Range 
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Figure 55. Scenario 3: Target Acceleration lAtl 
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Figure 57.' Scenario 3: Missile Pitch Flight Path Angle Rate yAgftch 
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Figure 58. Scenario 3: Missile Yaw Flight Path Angle yrm 
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Figure 59. Scenario 3: Missile Yaw Flight Path Angle Rate ym7 
0.02 
0.01s 
. I  





2 4 6 ' 8  
Figure 60. Scenario 3: SLeker Mead Pitch Angle flPlkr, 
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Figure 61, Scenario 3: Seeker Head Pitch Angle Rate bPM 
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Fi ; w e  62, Scenario 3: Seeker Head Yaw Angle pPw 
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Figure 63. Scenario 3: Seeker Head Yaw Angle Rate b, 
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Figure 64. Scenario 3: Three Dimensional Plot 
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Figure 65. Scenario 4: Missile to Target Range 
MISSILE ACCELEEU,TION VS TIME 
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Figure 66.' Scenario 4: Missile Acceleration lAml 
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Figure 67. Scenario 4: Missile Pitch Flight Path Angle r m  ,,itch - 
MSL PITCH FLIGHT PATH ANGLE RATE VS TIME 
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Figure 69. Scenario 4: Missile Yaw Flight Path Angle ym9" 
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Figure 70. Scenario 4: Missile Yaw Flight Path Angle Rate ymDw 
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Figure 71. Scenario 4: Seeker Head Pitch Angle pPikb 
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Figure 72. Scenario 4: Seeker Head Pitch Angle Rate bpitch 
SEEKER HEAD YAW ANGLE VS TIME -0.65 
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Figure 73. Sceuario 4: Seeker Head Yaw Angle pF 
SEEKERHEAD YAW ANGLERATE VS TIME 
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Figure 74. Scenario 4: Seeker Head Yaw Angle Rate bnW 
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Figure 75. Scenario 4: Thrce Dimensional Plot 
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C. MISS DISTANCE ASSESSMENT 
A two dimensional adjoint model is used to investigate the missile to target 
miss distance due to a variety of evasion maneuvers. The optimal time to 
initiate these maneuvers is detexmined. 
Three maneuvers are used: 
1. Step Target Acceleration. 
2 BmlRoll .  
3. Split's. 
vc - closing velocity. 
Additional variables arc 
111 - target acceleration magnitude. 
VJiE = missile velkty due to heading 
0 1  - maneuver frequency. 
error. 
L - half period of split 'S. 
The following initial conditions am constant throughout dl simulations: 
4.0. - N  
Tf - 6.0 seconds. 
vc - w)o feet per second. 
v a  = 0.0 feet per second. 
= 1 .O, second. 79 
% - 0.1 second. 
~ ~~~~ 
1. Step Target Acceleration 
The step acceleration is simulated by multiplying a step input signal by 
the magnitude of the target acceleration, qt. Target accelertation.7 of 1.0, 6.0, 
and 8.0 g's arc simulated. 
69 
A two dimensional Barrel Roll maneuver can be represented by a 
sinusoid of frequency oL. A shaping filter is used to simulate the maneuver. 
[Ref. 71 Figure 76 depicts a typical Barrel Roll maneuver and Figure 77 shows 
the shaping fdter equivalent where oL equals 1.0 radiadsccond. The fdter is 
converted to a block diagram which is simulated using state variable design. 




EASY 360' ROLL 
OUTBOUNDHEADING 
INBOUNDHEADING 
Figure 76. Typical Barrel Roll Maneuver 
70 
i 
92-95 show the results of the Split 'S' evasion maneuver. 
SPLIT 'S' 
4. Forward Time and Adjoint Model Simulation Results 
Figures 82-95 show the results of the forward time and adjoint model 
simulations. Figures 82-57 show the results of the step acceleration maneuver. 
Figures 88-91 show the results of the Barrel Roll evasion maneuver. Figures 
Figure 79. Typical Split '$' Maneuver 
, I  ' 
72 
a " I  4 
Figure $0. Shaping Filter Equivalent of Split 'S' Maneuver 
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Figure 87. Adjoint, 8 g .Step Acceleration 
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Figure 88. Forward Time, 4 g Barrel Roll 
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Figure 90. Forward Time, 6 gNBarrel Roll, 
Mjoint - 6 g Baml Roll ' 
6ooo 
, ....... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
' ,  : I  , .  
* ,  
1 2 3 4 5 
T i  
Figure 91. Adjoint, 6 g Barrel Roll 
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Figure 92. Forward Time, 4 g Split 'S' 
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Figure 93. Adjoint, 4 g Split 'S' 
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Figure 94. Forward Time, 6 g Split 'S' 
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Figure 95. .4djoint, 6 g Split 'S' 
V. CONCLUSIONS AND RECOMMENDATIONS 
A. CONCLUSIONS 
Clearly, the classical proprtiotal navigation model of the missile guidance 
and control system is sufficient for simple trajectory study. The use of the 
seeker he33 angle rate, b, as the estimate of the actual line of sight rate, 6, 
gives accurate enough information fv target tracking in a benign eavironment. 
Thc three dimensional model of the missile tr(lcks a maneuvering target in one, 
two, or three dimensions with enough accuracy to cause an aircraft kill. A 
navigation ratio of 4.0 generates sufficient missile accsleration commands for 
the simplified scenarios studied. 
The adjoint model proves to be a very useful indicator of miss distance 
properties. With the s!cp acceleration evasion maneuver, the optimal time to 
initiate it is about 2.0 seconds, or 5000 feet (closing velocity is 2500 feet per 
second), prior to missile impact. The miss distance in~rcases as the target's g 
loading increases. The maximum miss distance of 140 feet is achieved with an 
8.0 g maneuver. 
Witb the B m l  Roll maneuver, the optimal time to initiate it is about 3.5 
scconds, or 8750 feet, prior to missile impact. The miss distance again 
increases with increased target g loading. The maximum miss distance of 5000 
f a t  is achieved with a 6.0 g maneuver. 
With the Split 'S' maneuver, the optimal time to initiate it is about 1.8 




0 0 0  
0 0 11; 
% 
96 Seeker Head 
96 
96 
5% betad pitch - seeker head pitch angle rate 
% beta yaw - seeker head yaw angle 
% betad yaw - seeker head yaw angle rat4 
% 
AS=( 0 1 4) 0 
-100-20 0 0 
beta=[beta pitch - seeker head pitch angle 
0 0 0 1  
0 O - l o o - 2 0 J ;  
BS=[a 0 
1100 0 















% yt - targetycoordinatc 
% 




0 0 0 0 0 0  
0 0 0 1 0 0  
xdt - target velocity-x direction 
ydt - target velocity-y direction 
zdt - target velocity-z direction] 
' 0 0 0 0 0 0  
0 0 0 0 0  1 
0 0 0 0 0 01; 
BT=[O 0 0 
1 0 0  
0 0 0  
0 1 0  
0 0 9  
00 I]; 
8 
% DISCRETE REPXESENTATION 
% 
Cit=.Ol; 




















initial seeker head angles and mgle rates 
beta(:, 1 )= [betagitch0 
betadgitcho 
betajaw0 
bczad jad  I; 





: '  87 
rto=sqrt(xtii“2 + y w 2  + zW2); 
M u = = *  













calculate missile and target !peh 
vrn(i)=sqrt(ms(2 j)”2 + ms(4 j)”2 + n:s(6,i)A2); 
vt(i)=sqrt(ts(2 jp2  + ts(4,i)”2 + ts(6jy2); 
% 
% calculate lincdf-sight angles 
% 







calcula~~ missile and target line-of-sight angles 
sigmanigitch(i)=atan2(ms(5,i),sqrt(ms( l,i)”2 + ms(?l,iP2)); 
sigrwmjaw(ijl =a0an2(ms(3 j),ms(l,i)); 
sigmat&tch(i)=atts(Sj).spl(u( 1 j;h2 + t~(3,i)”2)); 
sigmrtyaw(i) =atan2(ts(3 j),ts( 1 j)); 
\ ’  
88 
‘ I  
update seeker head states 
beta(:,i+l)==s*beia(:j) + dels*sigma(:j); 
set ~p seeker head angle rate vector 
if (rbs(~tch(i)*gammadm( 1.i))<rdJ4.0) 
ur\,pitch(i)=w@tch(i)*gammsdm(l j); 
else 











calculate missile pitch zccelcration vector components 
am-pi tch-xj(i)=abs(am-pitch(i)*Sin( sigma-pitch(i))); 












, .  . , .  
y&im-pitc h(i) =-am-pitc h,xy(i) *sin(si p a j a w (  i)); 
7ddmgitc?(i) ~ ~ ~ h ( i ) * c o s ( s i g m a s i t c h ( i ) ) ;  
compuw missile velocity in k e  XY (yaw) plane 
if ((sigrmn-yaw(i) - sigmzat~w(i))-=O.O) 
M4raw(i)=abs(vm(i)~cos(gammamqitch(i))); 
limit yaw acce ldon to qpximatt ly  20 g's 

















' %  
xddm(i)=xddm-pitch(i) + xddm_yaw(i); 
yddm(i)=yddm_pitch(i) + yddm_yaw(i); 
zddm(i)-zddmgitch( i); 
compute total missile acceleration magnitude 
a m ( i ) - ~ x d d m ( i ~ 2  + yddm(iF2 + rddm(i)*Z); 
generate missilc input vector 
upd& missile states 
ms(:j+l j=yhh*ms(: j) + dilm*um; 






comp~te target accelerafion magnitude 
91 
at(i)=sqrt(xddt(ip2 + yddt(iy2 + &t(iP2); 
% 





% '  
% 
% updatctargct states 










% calculate updated range information 
r(i+l)=qrt((ts(l j+l>ms(l j+l))42 + (ts(3 j+l>ms(3 j+l)P2 ... 
nn(i+l)=sqrt(ms(l j+l)% + ms(3 j + l F 2  + ms(5j+lp2); 
rt(i+l)=ssrt(ts(l j + l r 2  + ts(3 j+lY2 + ts(5 j+lP2); 
rx(i+l)=(ts(l j+l) - ms(1 j+l)); 
ry(i+l)=(ts(3 j+l) - ms(3 j+l)); 





set up missile and target trajectory data far plotting in 3-D 
missile(i,:)=[ms(l j) ms(3 j) ms(5,i)); 










time(i+l)=time(i) + dt; 







plot(r(l:i-l),ttg(l:i-l)),giid,xlabel('Range - FEET), 




p l o t ( t i m e j ) , g r i d s l l a l ~ ~ , y l a b e l ( ~ T )  




plot( time( 1 : i ) , M n ) , ~ ~ b e l C ) , y ~ ~ l ~ T / S E C  
pau=*clg 
rnissile and target velocity information 
titlcfMISSILE V E L O r n  vs TIME'); 
pau=*clg 
plot(time(; 1 ~ ) , v t ) , g r i d r x l a b e l C ) , y l a b e l ( ~ ~ E ~  









plot(time(1:i- l),am( 1 5-1)),grid,xlabel("),ylabel('FEET/SEC~Z') 
titleCMISSILE ACCELERATION VS TIME'); 
plot(time( 1 5),at),grid,xlabel("),ylabcl('FEET/SECA2') 





plot(time( 1 : i ) , g a m m a t n - p i t c h ) , ~ ~ ~ b c l C ~ ~ , y l ~ l ~ ~ S )  
titlc('MSL PITCH FLIGHT PATH ANGLE VS 'I"); 
plot(time( 1 : i ) , g a r r a m a m , r a w ) , ~ d ~ ~ l ~ ~ ) , y l a b c l ( ~ ~ S )  
title('MSL YAW FLIGHT PATH ANGLE VS TIME'); 
p = , c l g  
plot(tirnc(lA-l),gammadm(l,( 1:i- 
1 ) ) ) , ~ d ~ a b e l C , y ~ ~ l ~ I A N S / S E ~  
title(%¶= PlTCH FLIGHT PATH ANGLE RATE VS 'I"); 
pau=,clg 
plot(timc(l5-l),gammadm(~( 15- 
1 ) ) ) , & W a k l C , y J  abelOIANSBEC') 





plot(time(1 :i- l),kta( 1 ,( 15- l ) ) ) , g r i d , x l a b c ~ ~ ' ) , y l a k ~ ~ I A N S ~  
titlefSEEKER HEAD PITCH ANGLE VS TIME'); 
paasoFh 
plot(time(1 :i- l),beta(2,( 1 :i- l))),grid~abel~,yl~~l~~NSBEC) 
titk(SEEKER HEAD PrrcH ANGLE RATE VS 'I"); 
plot(he( 1 :i- l),bCra(3,( 1 :i- l))),grid,xlabcl('TIME'),ylabl('RADIANS) 

















a l= lh  
b=2*( lhh) ;  





























APPENDIX 23-FORWARD TIME AND ADJOINT PROGRAMS 
96 
96 Lukcnbill, F. C. 20 November 1990 









0 0  0 
0 0 0  
'c 0 0 0  
0 0 0  
c*ki 0 0 













C=[-1 0 0 0 0 1 0 0 01; 
%J 





% sei up impulse function 
9b 







timczeros( 1 ,lanax); 
% 
96 Simulate the System (Forward Time S l u t  
% 
97 
I ,  
0 0 0 0 0 0 O A t g t O  
0 0 0 0 0 0 0 0 0  
0 3 0 0 0 0 0 0 0 ] ;  
fm (i=l-knzx-l) 
ki=I/(Vc*;Tf-time(i))): 
A=[O 1 0 0 0 0 0  
0 0 1 0 0 0 0  
0 0 0 0  1 0 0  
<*ki 0 0 c -b c*ki 0 
0 0 0 0 0 0  1 
0 0 0 0 0 0 0  
0 0 0 0 0 0 0  
0 0 0 0 0 0 0  
0 0 -a 0 a*N*Vc 0 0 
IPhifwd,Delfwd]=c2d(A,B ,dt); 





96 Plot Results 
% 
Hi) 








plot(time( 1 :i)*y( 1 ,( 1 :i)));title('Foiward Time - 8 g Step Acceleration'); 
xlsbel(Tl(rme');,ylabel('y miss');grid;pausc; 
95 







y=zeros( 1 Jrmax); 





% Simulate the System (Adjoino Solution) 
% 
for (i= 1 :kmax- 1 ) 
ki=l /(Vc*( tirIie(i))); 
A=[O 1 0 0 0 0 0 0 -vmm 
0 0 1 0 0 0 0 0 0  
0 0 -a 0 a*N*Vc 0 0 3 0 
0 0 0 0  1 0 0 ' 0  0 
-c*ki 0 0 -C -b c*ki 0 0 0 
0 o o o o c  1 0 0  
0 0 0 0 0 0 0 .4tgt 0 
0 O O O O O O O Q  
0 0 0 0 0 0 0 0 0 ] ;  
fpki adj ,Deladj 1 =c2d(A',C ,dt) ; 
x(:*i+l) = Phiadj*x(:,i) t Deladj*impulse(i); 




$6 Plot Results 
% 






% Lukenbill, F. C. 20 November 1990 
96 This p r o p !  simulates the fcrwmd the and adjoint models with a 








b=2*( 1 /ts h); 













5% Input State Matricies 
96 
A=[ 0 1 0 0 0 0 0 0  
0 0 1 0 0 0  0 0  
0 0 ' -a 1! a*N*Vc 0 0 0 
0 0 0  ilt 1 0 0 0  
-c*ki 0 0  -c -& c*ki 0 0 
0 G O O 0 0  f 0 
0 0 0 0 0 0 0 0  
-vmHEo 0 
0 0 ' 0  
0 0  0 
0 0  0 
0 0 0  
0 0  0 
0 . 1  0 
0 0 0  
0 0 0  
0 3 0  














O O O O O O a o  
0 0 0 0 0  o c o  
0 0 0 0 0  ) o  0 1 
0 0 0 0 ATGT 0 1 -W 01; 
c=r-1 o o o o i Q o o o 01; 
% 





% Set up impulse function 
%? 
i m p u l ~ r o s ( 1  &Inax); 




















96 Simulate the System (Fornard Tim Solution) 
% 
for (i=l--l) 
ki= 1 /(Vc*(Tf-timt(i))); 
A=[ 0 1 0 0 0 0 0 0 - v m o  0 
0 0 1 0 0 0 0 0 0 0  0 
0 0 0  1 0 0 0 0 0 0  
0 0 0 0 0  1 0 0 0 0  
0 0 0 0 0 0 0 0  1 0 
0 0  Q r ) o o o o  0 0 
0 0  0 0 0 0 0 0 0 0  
C 0 0 0 0 0 0 0  0 1 
0 0 0 0 0 0 ATGTO -w 01; 
0 0 -a 0 a*N*Vc b 0 0 0 0 0 
0 0 c -b c * k i O  0 0 0 0 
Blfwd]=dd(A,B,dt); 
x(:j+l) = Phifwd*x(: j) + Delfwd*impulse(i); 




% Plot Results 
% 




96 Reinitializt variables and vectors 
% 
dd.01: 
bnax=Tf/dt+ 1 ; 
impulsc-zeros( lW);  
impul@ 1 )= l/dc 
102 







96 SLnAate the System (Adjoint Solution) 
% 
for (i= 1 h a x -  1) 
ki=l /(Vc*(pimc(i))); 
A=[ 0 1 0 0 0 0 0 0  
0 0 1 0 0 0 0 0 0  
0 0 -a 0 a*N*Vc 0 0 0 0 
0 ' 0  0 0 1 0 0 0 0  
c*ki 0 0  -C -b c*ki 0 0 0 
0 0 0 0 0 0  1 0 0  
0 0 0  0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0 0  
0 0 ' 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 A E T O  
~hiadj,Jkladj]=c2d(A',C,5!); 
x(: j+l) = Phiadj*x(: j) + 3eladj*imprlsc(i); 





% Plot Results 
96 
plotitima( 1 :i),y(l,( 1 :i)));titlc('Adjoint - 6 g Burt1 Roll'); 
xlabeJ("Iime');,yhbd('y miss'):grid:pause: 
end; 





0 0  
0 0  
1 0 
0 0  
0 0  
0 1 
-w 01; 
I .  
% 
% LukenbiU, F. C. 21 November 1990 


















k 1 . Q  









. 0 0 0 0 0 0 -vmHEo 0 0 0  
# 
A=[ 0 '1 
0 0 1 0 0 0 0 0 0 0 0 0 0  
0 0 -8 O r*N*VC O 
0 0 0 0  1 0 
c+ki G O  c -b c+ki 
0 0 0 0 0 0  
104 
0 0 0 0 0 0 0  
0 0 0 0 0 0 0  
0 0 0 0 0 0 0  
1 0 0 0 G O O  













' 0  
0 
1 















0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
0 0  
C=(-1 0 0 ,o 0 1 0 0 0 0 0 0 01; 
% 
5% Input Timing Information 
% 
dt30.01; 
W = T f / d t +  1; 
% 




impulsc=zeros( 1 Jmax); 
impulse( 1 )= 1 /dt; 
% 
, . lo5 
0 0  
0 0  
0 0  
0 0  
?.2 0 
0 0  
a4 0 
- 
1 0 1 0  
0 000  
0 000  
G 100 
-a1 000  
0 001  







% Simulate the System (Forward Timc Solution) 
% 
for ( i = l h a x - l )  
A=[ 0 1 0 0 0 0 0 0  
0 0 1 0 0 0 0 0  
0 0 -a 0 a*N*Vc 0 0 0 
0 0 0  0 1 0 0 0  
ki=l /(Vc*(”f-timc(i))); 
C*ki 0 0  c -b c*ki 0 0 
0 0 0 0 0 0  1 0 
-vmHEo 000  
0 0 000 
0 0 000  
0 0 ‘ 0 0 0  
0 0 0 0 0  
0 0 000 I i 
0 0 0 0 0 0  0 0  
0 0 0 0  0 0 0 0  
0 0 0 0 0 0 0 0  
0 0 0 0 0 0 0 0  
0 8 0 0 0 0 0 a 2  
0 0 0 0 0 0 0 0  
0 O O O O O O r 4  
[phif’w~lfwdl=WA.B,dt); 
x(:j+l) = Phifwd*x(: j) + Delfwd%n@se(i); 





46 Plot Results 
% 
plot(time(1 :i)*y( 1 *( 15)));title(’Fmard Tim 6 g Split S’); 
xlabel(”lirne’):,ylabel(‘y miss’);grid;pause; 
0 1 
0 0  
0 0  
0 0  
0 -at 
0 0 ,  











8 '  
% 
% Reinitialize variables and vectors 
% 
dM.01; 
kmax=Tf/dt+ 1 ; 






















L ' 0  
ki=l /(Vc*(time(i))); 
1 0 0 0 0 0  
0 1 0 0 0 0  
0 -a 0 a+N+Vc 0 0 
0 0 0  1 0 0  
0 0  c -b c*ki 0 
0 0 0 0 0 , l  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
[phiadj,Deladj ]=c2d( A',C,dt); 
x(: j+ l )  = Phiadj+x(: j )  + Dcladj+irnpulsc(i); 


















0 0  
0 0  
0 0  
0 0  
0 0  
0 1 
0 & O  
0 0  
0 0  
0 -a1 
0 0  
0 0  
0 0 0  
0 0 0  





000  ' 
000 
1'00, 
,o 0 0 
001 
0 -a3 01; 
y(;> 
% Plot Results 
3b 
% 
plot(tim(li),y(l,(l:i)));title('Adjoint - 6 g Split S); 
xlabel('"i.i');,ylabel('y miss');grid;pause; 
end: 
. -  
APPENDIX C-DISSPLA PLOTTING PROGRAM 
CC Lukenbill, F. C. 6/15/90 
CC This code is used to generate the three dimensional plots 
CC 
DIMENSION MSIX(300), MSLY(300),MSLL(300), 
NUM=100 
READ ( 10,l OOO) MSLX(I),MSLY(I j,MSLZ(I) 
i TGTx(300),TGTY(300),TG'IZ(3W) 
? Do 10 I=lJWM 
READ ( 1 1 , 1 OOO) TGTX(I),TGTY(I),TGIZ(I) 
10 CONTINUE 
loo0 FORMAT (3(1X,IES5.7)) 
CALL COMPRS 
CALL AREA2D(8.,8.5) 
CALL X3NAMlyX AXIS$',100) 
CALL Y3NAME('YAXIS$',100) 
CALL Z3NqMECZ AXIS$',100) 
CALL VOLM3D(7.,7.,7.) 
CALL v I E w ( 8 o o o o . ~ . ~ . )  
CALL G R A F 3 D ( 0 . , 4 o o o . ~ . , 0 . . ~ . ~ . , 0 . ~ ~ . , 2 4 0 0 . )  
CALL GRFl"I(~.,O.,O.,O.,l.,O.,O.,1.,1.) 
CALL AREA2D(7.,7.) 
CALL GRAF(0.J .,6.,0.,1.,6.) 
CALL END3GR(O) 
CALL GRFTI'I(O.,O.,O.,O., 1 .,O., 1 ., 1 .,O.) 
CALL G R A F ( O . , 4 0 0 0 , ~ , 0 . , W . , 2 . )  
CALL DASH 
CALL CURVE (MSLY,MSLX,NUM,O) 
r CALL GRID(=) 
\ 
CALL AREA2G\ /'.,7.) 
109 - 
CALL RESET('D.4SH) 










CALL c u R v 3 D ( M s L x ~ s L Y ~ s L x ~ , o )  
1 .  , 
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